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ASupPlementaryNoteonthePaper:
"ObliqueFactorsandComponentswithIndependentClusters"
且aruhikoOgasawara
ThisnoteistosupplementOgasawara(2003).Theequation
numberswithouttheprefix`B'inthisarticlearethoseofOgasawara
(2003).
1.Equivalenceoftheunweightedleastsquaresestimatorandthe
Wishartmaximumlikelihoodestimator
Forthederivationoftheequivalenceoftheunweightedleast
squares(ULS)estimatorandthemaximumWishartlikelihood(WML)
estimatorassumingmultivariatenormalityfbrthedirect-product
modelof(28a),wegivethefbllowingLemmaA1.
Lemm劉A1.LetΣ=Σ(0)beag×9population
covariancematrixfbrobservedvariableswithO=(θ1,_,θ,),
beingat×1parametervector,FuLs=(1/2)tr{(Σ一S)2},and
FwML=tr(Σ一lS)+]㎞1Σ1,whereSisag×gsamplecovariance
matrix.Then,anecessaryconditionfbrtheequivalenceofaULS
。,timat。,(6肌s)anda肌,,timat。,(6剛L)i、thatw,haveハ
thesdmeOwhichsatisfies
∂謡Sl
面 一tr((Σ一S)9itli.}一・1曲・(i-1・… の(Bl)
and
∂舞Ll
曲=-tr((Σ一S)曙}=・le。6・σ=1・…・の.(B2)
〔55〕
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バ
ProofThenecessaryconditionof(B1)foreuLsiswell一㎞own.
バ
ThecorrespondingconditionfbrOwMLisalsowell一㎞ownandis
USUallyWrittenas
tr{Σ一1(Σ一S)Σ一1∂Σ/∂θ'}一・i。。6WML,(∫-1,…,t)
(seee.g.,J6reskog,1978)whichisequivalentto(B2)from
∂Σ一i1∂θ,=一 Σ一i(∂Σ一11∂θi)Σ一1.Thenecessaryconditionof
theequivalenceofthetwoestimatorsfollowsimmediately.Q.ED.
Now,wehavethemainresult.
PropositionA1.Forthedirect-productcovariancestructure
modelof(28a)withassociatedassumptions,theWMLandULS
estimatorsarethesame.
ProofForeaseofderivation,wereparameterizethemodelinto
thefollowinglinearmodelwithanewsetofparameters{α,」β,研}:
Σ=Egλ2ΦEg'+YI9
=E grEg,+ψノlg
(B3)
=α1
919'+β(1,(8)1p1ノ)+Vlq,
where
Eg=1,⑭1脚dr=!2Φ=α1。1,'+β1.(B4)
withα=λ2φandβ=Z2(1一 φ).U,ingth,
reparameterizationof(B3)andLemmaAl,theULSestimatorsof
α,βand砺areobtainedasthesolutionofthefollowingequations:
∂FuLS
∂(α,β,の'
FortheWMLestimatorsofα,β
tr{(Σ一S)191q,}
tr{(Σ一S)(1ア⑭1ρ1ガ)}
tr(Σ一S)
and
=0.
(B5)
レ,wefirstobtainΣ 一1
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byusingtheformulafortheinverseofthesumoftWomatrices:
Σ一1=⊥ 、、-1、E,(E,・⊥E,+r-1)-IE,,
膨 望 望
一⊥ 、
,一⊥E,(P・,+vr-i)-1E,・.
ゲ 膨
Sincethematrixrlin(B5)isobtainedas
r-1=⊥(レ α 1,1ド)β
+rα ・β
wehave
(PL+vr-・)一一{〔P+%〕L-
,iB(器α)脇 ヅ
α望
=1、 ,+β(β+「 α)、,、 。,rαv
P+竺P+竺 一β(
、β+rα)β β
andconsequently
Σ一1=gllqlq'+g2(lr⑭lplp')+g31q
with
一α 一β
57
(B6)
(B7)
(B8)
(B9)
91=92=
(Pβ+v)(Pβ+v+prα)・1グ(Pβ+弊)・
1
93=7 ,'(Bl・)
UsingLemmaA1,(B9)and(B10),theWMLestimatorofthe
P・・am・tersar・・btain・d・・th…luti・n・fth・f・ll・wing・quati・n・・
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∂謡),一 一廿{(Σ一s)・…,}∂(藷1の,
一廿{(Σ一S)(・・⑭ ・P・P,)}∂(藷の,
一 tr{(Σ一S)}
∂(藷1の,(B1')
=0.
From(B5)and(BU),wefindthattheULSestimatorssatisfシ(B11)
andconsequentlythattheULSestimatorsarealsotheWML
estimators.Sincethereparameterizedmodelhasidentification,the
uLSandwMLestimatorsarethesame.Q.E.D.
Thederivationwhenr=1,whichreducestothecaseofthe
one-factormodelforparalleltests,wasgivenbyOgasawara(1990)by,
explicitlyderivingtheWMLandULSestimators.
Letacovariancestructuremodelbeidentifiedandlinearin
ノ
pa・arn・tersa・Σ=i .1θiKi,whe・eKi・(i-1・ … ・t)a・egiv・n・ ・
designmatrices.ThenifΣ一iisdescribed,asノ
Σ一'=苔&(0)K'
,(B12)
wh。,egi(o),(i=1,…,t)a,e、cala,functi。n、。fO,w,、eethat
theWMLandULSestimatorsoftheparametersinthecovariance
structuremodelarethesame.Themodelof(B12)isalinearmode1
・fΣ 一'withre、pectt。9,(e)・、(f。,e、timati。nandtestinginthi、
model,seeAnderson,1969).Otherthanthemodelof(28a)orits
specialcases(e.g.,theparaUeltestmodelwhenr=1),wehavethe
modelwiththeformof(B12)whene.9.,Σ=diag(σll,…,σ99),
whichrepresentsindependentobservedvariableswithunconstrained
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variances,andisusedasabaselinemodeltoassessthe
goodness-of-fitofcovariancestructuremodels(seee.g.,Bentler&
Bonett,1980).Forthebaselinemodel,itiseasytohaveΣ一1and
th,wMLanduLs,、timat。rsbec。m,∂ii=sii,(i=1,…,t),
where5'iisthesamplevarianceofthe'-thobservedvariable(see
e.g.,Weng&Cheng,1997).
Thegeneralizedleastsquares(GLS)estimatorsarealsousedin
structuralequationmodeling.ItisknownthattheGLSestimators
areobtainedasthesolutionsofthefbllowingequations:
十1(Σ 一S)S-igiti.}-q(i-1・・…の(B13)
whichisequivalentto
tr{(Σ一S)∂S'1斗 ・・(i-1・… ').(B14)
ForalinearmodelwiththesameWMLandULSestimators,(B13)or
(B14)arenotnecessarilysatisfiedexceptfbre.g.,thespecialcase
whenSisproportionaltoIq.Thatis,theGLSestimatorsfbrthe
direct-productmodelof(28a)aregenerallydifferentf士omthoseofthe
WMLandULSestimatorsthoughtheyareasymptoticallyequivalent.
However,itistobenotedthattheGLSestimatorsfbralinearmodel
canbeexplicitlyobtained(theauthorisindebtedtoareviewerfbrthis
point).
2.Thederivatiohsoftheasymptoticvariancesandcovariances
2.1avar(s。ff)=avar(.Σ.lp'Si/1P)1≠ノ
w,deriv,avar(Σ1/S厚1。)a、4avar(Σ.lp'S,、lp).1≠ノ1>ノ
FigureAshowsaschematicrepresentation.ofSwithp・=3andr=4.
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Figu・eA・S・h・maticrep・e・entati・nf・・ava「(Σ1ガS、 ノ1P∫〉ノ)
whenp=3andr==4.
Theelementsdenotedbydotsarenotincludedintheoff-diagonal
blocksS,ノ・(「 ≧i>ノ ≧1).Wehavesixdi脆rentasymptotic
variances/covariancesbetweentheelementsofS,ノ・(「 ≧i>ノ ≧1),
whichareschematicallydenotedbプ`1"through``6"inthefigure.
Weconsideranelementdenotedby"1"withwhichtheasymptotic
・・va・iance・・ftheel・m・nt・inS,、・(r≧i>ノ ≧1)a,et。b,
evaluated.Thefigureshowsanexamplewhentheelementdenoted
by・・1・i・(S32)22.Th,f。ll。wing、h。wth,、ix、。va,iancetyp,、
correspondingtotheelementsdenotedby``1"through``6"inthe
figure,theirvaluesandthenumbersoftheassociatedelementsfbra
particularelementdenotedby``1"inthefigure.
Type
(1)avar((S,ノ)ab),
(r≧i>ノ ≧1;o,b=1,_,P)
Value
(!2+の2+Z4φ2
Numberof
theelements
1
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(2)acov((S∫ノ)ab,(S,ノ)a。)・
acov((S,ノ)ab)(Siノ)cわ),
(r≧i>ノ ≧1;
a,b,o=1,_,P;
b≠o,o≠c)
(3)acov((Siノ)ab,(Siノ)。d),
(r≧i>ノ ≧1;
a,ゐ,c,∂=1,_,P;
a≠o,b≠ の
(4)acov((Siノ)ab,(Sik)ad),
ac・v((S,ノ)。わ,(Siノ)、b),
(/2+の λ2+Z4φ22(
P--1)
Z4+!4φ2
N P2-2P+1
(r≧i>ノ≧1;r≧i>k≧1;(!2+の λ2φ+λ4φ2
ノ ≠k;r≧1>ノ ≧1;i≠1;
a,b,c,d=1,_,P)
(5)acov((S,ノ)ab,(Sik)。d),
acov((S,ノ)ba,(Siノ)d。),
(r≧i>ノ ≧1;r≧i>k≧1;
ノ ≠k;r≧1>プ ≧1;i≠1;
o,b,c,d=1,_,P;a≠o)
λ4φ+λ4φ2
2(卜2)
×1つ
(6)acov((S,ノ)ab,(S〃)。d),
(ア≧i>ノ ≧1;r≧k>1≧1;
i,ノ,kandlaredifferent;
a,ゐ,c,d=1,_,P)
2(r-2)
x(P2-p)
2λ4φ2
r(r-1)
2
-2(r-2)
、ρ2
ア2_5r+6
P2--P2
2
?
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NotingthatthenumberoftheelementsinS,ノ ・(r≧i>ノ ≧1)is
r(r-1)P2/2,wehave
avar(Σ1,'S
。1,)'≠ノ
=£ ×「(r-1
2)P2[(・1,・+の・+・Z・φ・+2(P-1){(・1,・+のλ・+・1,・φ }
+(ρ2-2p+1)(ノL4+ノし4φ2)+2(r-2)p{(ノし2+弓グ)ノL2φ+ノL4φ2}
+2(・-2)(P・-P)(伽 ・gi5・)+72一17+gP・(2a・φ・)]
=2「(r-1)P2[{1+2(P-1)+(P2-2P+1)}・1,・+{2+2(P-1)卿
+V〆2+2(r-2)」ρμノノし2φ+{1+2(ρ一1)+(ρ2-2」ρ+1)+2(r-2)」ρ
+2(r-2)(ρ2-p)+(r2-5r+6)p2}ノL4φ2
+{2(卜2)P+2(アー2)(P2--P)}λ4φ]
=2「(r--1)P2{P・ 1・・+2P・ ・y+望 ・+2(・ 一一2)pyZ・ φ
+(r2-3r+3)」ρ2ノ孔4φ2+2(r-2)1フ2ノ孔4φ}.
2・2acov(s・ff・s・階t「S)=acov(混1/S・1・・i.ilp'Sii1・一一t「S)
T・d・ ・iv・acov(葛1/S・jl・ ・鶏1・'S"1バt「S),w・
evaluatethreecovariancetypesasfollows:
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Type
(1)acov((Siノ)a。,(S〃)ab)・
acov((Siノ)a。,(S,,)わα)・
acov((Sノ,)ca・(Sii)ab)・
acov((Sノ,)co,(S,')ba),
(i,ノ=1,_ノ;'≠ノ;
a,わ,o=1,_,P;o≠わ)
(2)acov((Sゴノ)。d,(Sii)ab),
acov((S/i)dc,(S'ii)ab),
(ちノ=1,_,r;ゴ≠ ノ;
α,わ,c,d=1,_,.ρ;
a≠ ゐ,a≠c,b≠o)
(3)acov((S〃)。d,(S〃)ab),
(i,k,1ニ1,_,r;i≠k,
i≠1;k≠1;a,b,o,d
=1,_,P;a≠ ゐ)
Then,wehave
Value
(!2+のλ2φ+λ4φ
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Numberof
theelements
2!4φ
N
2λ4φ2
N
4r(7-1)
×P2(P-1)
2ア(r-1)」ρ2×{」ρ2
-P-2(P-1)}
=2r(r-1)P2
×(P2-3」ρ+2)
r(r-1)〆
×(r-2)(、ρ2-P)
=r(r-1)(アー2)
×P3(P-1)
64
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acov(Σ
.lp'S,flp,Σ1p'S,,1ρ一一trS)
1≠ノ'=1
=弄[4r(r-1)P2(P--1){(Z2+のλ2φ+・Z・φ}
+2r(r-1)」p2(」p2-3」ρ+2)(2、兄4φ)
+r(r-1)(r-2)P3(P--1)(2λ4φ2)]
÷(r-1)P2(P--1){2P・`φ+2Ut2¢+P(r--2)λ4φ2}・
ア
acov(s。ff・sd)=acov(Σ1P'Sり1P・Σlp'S、,1P)
iPt/i=l
Weusetheresultintheprevioussectionasfollows:
ア
acov(Z
.1,'S,、lp・II£lp'S,、1p)1≠ノi=1
ア
=acov(Σ
.1/S,、1p,Σ1p'S,,1p-trS)
1≠ノi=1
+acov(Σ
.1p,Si/lp,trS).
1≠ノ
Toevaluatethesecondtermintheright-handsideoftheabove
equatlon,weconsiderthreecovariancetypesasfbllows:
Numberof
TypeValuetheelements
(1)acov((S,ノ)αわ,(Sii)aa),
欝 輪 抄2(禦2φ2γ(-1)P2
a,ろ=1,_,P)
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(2)acov((Sノノ)ab・(Sii)㏄),
acov((Sノ')わ・・(S")・)・2λ4φ
(ちノ=1,…,r;i≠ ノ;N2r(卜1)P2(P-1)
a,b,o=1,_,P;o≠c)
(3)acov((Siノ)αゐ,(Skk)㏄),
(i,ノ,・を=1,…,ア;2ノ し4φ2r(r-1)P2(r-2)P
i≠ ノ・i≠k・ ブ≠k;ノ 〉=r(r-1)(r-2)P3
a,ゐ,o=1,_,P)
Fromaboveandtheresultintheprevioussection,
ア
acov(i
,lp'Sり1P・i=11p'S,,lp)
一■ γ(卜1)P2(P-1){2〆φ+2以2φ+P(卜2),Z・φ・}
+÷[2r(　1)〆{2(・2+のλ2φ}
+2r(r-1)P2(P-1)(2λ4φ)+r(r-1)(r-2)P3(2λ4φ2)]
÷(r-1)〆{2P・4il+2V・2ip+P(r-2)Z4φ2}・
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